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A method is given for solving two dimensional 
 harmonic mixed boundary value problems in simply-connected 
polygonal domains with re-entrant boundaries.  The method  
consists of a numerical conformal mapping together with 
three other conformal transformations. The numerical 
 mapping transforms the original domain onto the unit circle,  
which in turn is mapped onto a rectangle by means of two 
 bilinear and one Schwarz-Christoffel transformations. The 




Let R ∈  be a simply-connected domain with boundary 2E
S ,  w h e r e  ,  a n d  ,4,3,2,1, == isS iU 1iS  b e i n g  a d j a c e n t  +
subarcs of S,   and consider the two dimensional mixed boundary 
























    (1) 
I n  ( 1 )  ∆  i s  t h e  L a p l a c i a n  o p e r a t o r  a n d  ν∂
∂  i s  t h e  d e r i v a t i v e   
i n  t h e  d i r e c t i o n  o f  t h e  o u t w a r d  n o r m a l  t o  t h e  b o u n d a r y .  
A  c o n f o r m a l  t r a n s f o r m a t i o n  m e t h o d  ( C T M )  h a s  r e c e n t l y  
b e e n  p r o p o s e d  [ 6 ]  f o r  t h e  n u m e r i c a l  s o l u t i o n  o f  p r o b l e m s  
o f  t y p e  ( l ) .   I n  p a r t i c u l a r ,  t h i s  m e t h o d  h a s  b e e n  d e v e l o p e d  
t o  d e a l  w i t h  p r o b l e m s  c o n t a i n i n g  b o u n d a r y  s i n g u l a r i t i e s  f o r  
w h i c h  s t a n d a r d  n u me r i c a l  t e c h n i q u e s ,  s u c h a s  f i n i t e  d i f f e r e n c e s  
a n d  f i n i t e  e l e me n t s ,  f a i l  t o  p r o d u c e  a c c u r a t e  s o l u t i o n s .  
The CTM consis ts  of  three  conformal  t ransformations whose   
combined  ef fec t  i s  to  map SRG U≡  in  the  w =  x+iy  p lane  o n t o  
t h e  rec tang le  
   },Hη0,10:)n,{('G ≤≤≤ξ≤ξ≡     (2)  
2. 
 
in  the  w '  =   p lane  and  thus   to  t r ans fo rm the  η+ξ i
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−+ξ−=ξ                         (4) 
a n d  h e n c e  i f  P   ( x , y )  ∈  G  i s  ma p p e d  i n t o  '≡ G),('P ∈η∈≡ ,  
i t  f o l l o w s  t h a t  u ( P )  =  v ( P ' )  a n d  s o  f r o m  ( 4 )  t h e  s o l u t i o n  
o f  ( 1 )  a t  P  i s  k n o w n  i mme d i a t e l y  i f  t h e  r e a l  c o - o r d i n a t e  
of the point P' is found. 
I f   and  D  =  w321 wc,wB,wA ≡≡≡ 4  a re  r e spec t ive ly  
t he  fou r  end  po in t s  o f  t he  suba rc s  S 1 ,  S 2 ,  S 3 ,  and  S 4  ( w i t h  
21 SBC,SAB == e t c ) ,  t h e n  t h e  t h r e e  t r a n s f o r m a t i o n s  o f  
the CTM are: 
( i)   The transformation, 
    z = T(w) ,                         (5) 
w h e r e  T ( w )  i s  a  f u n c t i o n  o f  w ,  a n a l y t i c  i n  R ,  s o  t h a t  
( 5 )  i s  a  c o n f o r m a l  m a p p i n g  o f  G  ∈  w - p l a n e  o n t o   
G 1 ≡ t h e  upper half  z - plane. 
3. 
 




















−=                  (6) 
m a p p i n g  G 1 ∈ z - p l a n e  o n t o  G 2 ≡ t h e  u p p e r  h a l f  t - p l a n e .  





1−= ,              (7) 
where an denotes  the Jacobian elliptic sine and K(m) 




























T h e  e f f e c t  o f  ( 7 )  i s  t o  m a p  G 2  ∈  t -  p l a n e  o n t o  t h e  r e c t a n g l e  
G '  g i v e n  b y  ( 2 )  w i t h  H  =  K  })m1{( 2
1
2− / K (  m )  ,  i n  t h e  
η+ξ= i'w  plane. 
T h e  f o r m  o f  t h e  m a p p i n g  f u n c t i o n  T ( w )  c l e a r l y  
d e p e n d s  o n  t h e  g e o m e t r y  o f  t h e  d o m a i n  R .  H o w e v e r ,  o n c e  
t r a n s f o r m a t i o n  ( 5 )  i s  c o n s t r u c t e d ,  t h e  s o l u t i o n  o f  ( l )  
i s  d e t e r m i n e d  f r o m  ( 6 ) ,  ( 7 )  a n d  ( 4 )  b y  a  s t a n d a r d  p r o c e d u r e  
w h i c h  i s  d e s c r i b e d  w i t h  f u l l  c o m p u t a t i o n a l  d e t a i l s  i n  [ 6 ] .  
I n  [ 5 ]  a n d  [ 6 ]  t h e  C T M  i s  a p p l i e d  t o  p r o b l e m s   
d e f i n e d  i n  r e c t a n g u l a r  d o ma i n s  w h i c h  c o n t a i n  b o u n d a r y  
4. 
 
s i n g u l a r i t i e s .  I n  t h e s e  o a s e s  f o r  b o u n d e d  d o m a i n s  t h e  
m a p p i n g  f u n c t i o n  T ( w )  i s  a  J a c o b i a n  e l l i p t i c  s i n e  a n d   
f o r  a  s e m i - i n f i n i t e  s t r i p  i t  i s  a  t r i g o n o m e t r i c  c o s i n e .  
I n  t h e  p r e s e n t  p a p e r  w e  a p p l y  t h e  C T M  t o  p r o b l e ms  o f      
t y p e  ( 1 )  d e f i n e d  i n  n o n - r e c t a n g u l a r  p o l y g o n a l  r e g i o n s  
con ta in ing re -en t ran t  corners  a t  which  boundary  s ingu la r i t i e s  
o c c u r .  W e  c o n s i d e r  i n  p a r t i c u l a r  L - s h a p e d  d o m a i n s  a n d  a  
d o m a i n  w i t h  t w o  r e - e n t r a n t  c o r n e r s .  F o r  t h e s e  r e g i o n s  t h e  
ma p p i n g  f u n c t i o n  T ( w )  i s  n o t  k n o w n  i n  a  c l o s e d  f o r m a n d  
t h u s  t h e  t r a n s f o r m a t i o n  ( 5 )  i s  p e r f o r m e d  n u m e r i c a l l y ,  
The  numer ica l  mapping  t echn ique  used  i s  due  to  Symm [3] ,   
a n d  i s  d e s c r i b e d  b r i e f l y  i n  S e c t i o n  2  b e l o w .   T h e  C T M   
s o l u t i o n s  t o  t h e  p r o b l e m s  c o n s i d e r e d  i n  S e c t i o n  3  a r e  i n   
good  agreement  wi th  those  recen t ly  ob ta ined  by  Symm [4] ,  
w h o  u s e s  a n  i n t e g r a l  e q u a t i o n  me t h o d  mo d i f i e d  t o  d e a l  w i t h   
t h e  s i n g u l a r i t i e s  a t  t h e  r e - e n t r a n t  c o r n e r s .  
Resul ts  that  we have obtained by the CTM, for   
p rob lems  o f  the  type  cons ide red  in  the  p resen t  paper ,   
have  been  used  by  Bel l  and  Crank [1  ]  in  a  s tudy  of   
d i f fus ion  in  a  con t inuum con ta in ing  non-permeab le  rec tangu la r   
prisms. 
2. Numerical  Conformal  Mapping Technique.  
Fol lowing Symm [3] ,  we consider  the s imply-connected  
d o m a i n  R  o f  ( 1 ) .  W e  t a k e  0  t o  b e  t h e  o r i g i n  o f  c o - o r d i n a t e s   
i n  t h e  w - p l a n e  a n d  a s s u m e ,  w i t h o u t  l o s s  o f  g e n e r a l i t y ,  t h a t   
O  Є  R .   I t  i s  we l l -known tha t  the  func t ion  F(w)  which  maps  
5. 
 
G   R U S  c o n f o r m a l l y  o n t o  t h e  u n i t  d i s c  =_ 1=<ζ  i n  
the  ζ -  p lane ,   so  tha t  the  poin t  O G∈  R    i s   t ransformed in to   
t h e   c e n t r e  ζ  ≡  ( 0 , 0 )  o f  t h e  d i s c ,    i s    g i v e n  u n i q u e l y ,   a p a r t   
f r o m a n  a r b i t r a r y  r o t a t i o n ,  b y  
 
 { )y,x(ih)y,x(gWlogexp)W(F }++==ζ      (8)  
 
I n  ( 8 )  t h e  f u n c t i o n s  g ( x , y )  a a d  h ( x , y )  a r e  r e a l  v a l u e d   
c o n j u g a t e  h a r mo n i c  i n  R ,  a n d  g ( x , y )  s a t i s f i e s  t h e  b o u n d a r y   
value problem 
 
               ,0)]y,x(g[ =Δ ,R)y,x( ∈  
),yxlog()y,x(g 2221 +−=   .S)y,x( ∈    (9) 
 
When  the  ha rmonic  func t ion  g (x ,y )   i s  r epresen ted  as  a   
s i n g l e - l a y e r  l o g a r i t h m i c  p o t e n t i a l  
 
  ,)y,x(w,)(wwlog)y,x(g G
S
∈≡ωωσ−= ∫ d     (10) 
 
w h e r e   i s  a  c e r t a i n  s o u r c e  d e n s i t y   o n  S ,  i t s  c o n j u g a t e   )(ωσ




(σω)(wargy)h(x, ∈≡∫ −=      (11) 
and the boundary condition of  (9) becomes 
 S.y)(x,ws ),
2y2log(x2




E q u a t i o n  ( 1 2 )  i s  a  F r e d h o l m  i n t e g r a l  e q u a t i o n  o f  t h e   
)(ωσ  a n d  i t s  s o l u t i o n  a l w a y s  e x i s t s ,  s u b j e c t   f i r s t  k i n d  i n  
o n l y  t o  a  p o s s i b l e  r e s c a l i n g  o f  R ;  s e e  J a s w o n  [ 2 ] .  T h e   
method of Symm consists of solving (12) numerically for  
)(ωσ .  The  func t ions  g (x ,y )  and  h (x ,y )  a re  then  ca lcu la ted ,   
for any w Є  G, from approximations to the relations (10) and  
(11) and finally an approximation to the mapping function  
F(w) is determined, for any w ∈  G, from (8). 
The numerical solution of (12) is obtained as follows:  
t h e  b o u n d a r y  S  i s  d i v i d e d  i n t o  t h e  N  i n t e r v a l s  I 1 , I 2 , … . ,   
)(ωσ  i s   I N ,  no t  necessa r i ly  o f  the  same  leng th ,  and  
approximated by )(ωσ  = , where ,rσ rσ  is constant for any point  
 Є  I r ,  e 1 , 2 , …  , N .  E q u a t i o n  ( 1 2 )  i s  t h u s  r e p l a c e d  b y  ω
 





≡+−=−∑ ∫= σωω  Є  S ,  
 
a n d  i s  t h e n  a p p l i e d  t o  N  " n o d a l "  p o i n t s  w  =  ( x 3  , y 3  )  Є  I 5  ,  
s = 1 , 2 , … . ,  N .   F o r  t h e  p o l y g o n a l  r e g i o n s  c o n s i d e r e d  i n  
the  p resen t  paper  w s  i s  t aken  to  be  the  mid-po in t  o f  I S  .  
There  resu l t s  the  sys tem of  N l inea r  equa t ions  




  (13) 
 
for the N unknowns .,....,,σ σ1 2 Nσ  Denoting the end points  
of I  r  by 
21r
w −  and 21r+
w  ,  the coefficients of rσ  in (13) are 
7. 























⎧ −−= −       (15) 
 
where   represents  the  length  of  rh2 rI  .  Thus ,  the  sys tem of   
equat ions actual ly  solved is ,  
 
  ,rA =σ          (16) 
 
where  A =  ]a[ sr  i s  the  NxN mat r ix  whose  coef f i c ien t s  a re   
given by (14) and (15),  and   { } { }N 1ssN 1s rr,s == =σ=σ  are 
N dimensional column vectors with '    ( ).yxlogr 2S2s21s +−=   
Equat ions (16)  are  solved by Gaussian el iminat ion and then 
approx imat ions  ( )y,xg~  and   to  g (x ,y )  and  h (x ,y )  ( y,xh~ )
respect ively,  are  computed by replacing (10)  and (11)  by 
 




l        (17) 




     (18) 
 
For  any  po in t  w  ≡  (x ,y )  Є  S    the  func t ion  g (x ,y )  i s  o f  course   
computed from the boundary condition of  (9).  In (17) and  
(18) (w) and (w)  denote respectively suitable approxima- rl rα
tions to the integrals ωω dw
rI∫ −log  and ωω−∫ d)warg(rI .
        8. 
For the regions considered in the present paper we  




















































r     (20) 
 
Once  and  are computed the approximation )y,x(g~ )y,x(h~ F~ (w)  
to  the  mapping  func t ion  F(w)  i s  ob ta ined  by  rep lac ing  (8 )  by  
 
 { })y,x(h~i)y,x(g~wlogexp)w(F~ ++= . 
 
Finally, the bilinear transformation 
 








w h i c h  ma p s  t h e  d i s c  1=<ζ  o n t o  t h e  u p p e r  h a l f  z - p l a n e ,  i s   
used to  approximate  the mapping funct ion T(w) of  (5)  by,  
 






)w(F~1i)w(T~  . 
 
We  p o i n t  o u t  t h a t  f o r  s t r a i g h t  l i n e  i n t e r v a l s  I r  t h e r e   
exis t  formulae for  the  exact  evaluat ion of  the  integrals  
 




H o w e v e r ,  m o s t  o f  t h e  e r r o r  i n  )w(F~  a r i s e s  f r o m  t h e   
r e p l a c e m e n t  o f  t h e  c o n t i n u o u s    f u n c t i o n  )w(σ  b y   t h e   
s t e p  f u n c t i o n  ,rσ r  = 1 , 2 , … , N  a n d  t h u s  t h e  u s e  o f  t h e   
e x a c t  f o r m u l a e ,  i n  p l a c e  o f  t h e  a p p r o x i m a t i o n s  ( 1 4 ) , ( 1 5 )   
a n d  ( 1 9 ) ,  d o e s  n o t  a p p r e c i a b l y  i m p r o v e  t h e  a c c u r a c y  o f   
t h e  n u m e r i c a l  m a p p i n g .  T h e  a p p r o x i m a t i o n s  a r e  c o m o u t i o n -  
a l l y  m o r e  c o n v e n i e n t  a n d  f o r  t h i s  r e a s o n  a r e  u s e d  i n  t h e   
p r e s e n t  p a p e r .  F u r t h e r m o r e ,  f o r m u l a e  o f  t y p e  ( 1 4 ) , ( 1 5 )   
a n d  ( 1 9 )  a r e  a l s o  s u i t a b l e  f o r  c u r v e d  i n t e r v a l s  o f  S  a n d   
t h e i r  u s e  i n c r e a s e s  t h e  f l e x i b i l i t y  o f  o u r  p r o c e d u r e .  
A n  a t t r a c t i v e  f e a t u r e  o f  S y m m ' s  m a p p i n g  t e c h n i q u e   
i s  t h a t  t h e  i n t e r v a l s   I  r  ,   n e e d  n o t  b e  o f  t h e  s a m e  l e n g t h .   
I t  i s  t h u s  p o s s i b l e  t o  r e f i n e  t h e  m e s h  l o c a l l y ,  b y   
i n c r e a s i n g  t h e  d e n s i t y  o f  t h e  i n t e r v a l s ,  i n  a n y   s u b a r c  S   ′
o f  S  w h e r e  i n a c c u r a c i e s  i n  t h e  n u m e r i c a l  m a p p i n g  a r e   
e x p e c t e d  ( e . g .  i n  t h e  n e i g h b o u r h o o d  o f  a  r e - e n t r a n t  c o r n e r ) .  
H o w e v e r ,  f r o m  o u r  e x p e r i m e n t s  i t  a p p e a r s  t h a t  a  u n i f o r m   
r e f i n e m e n t  o f  t h e  m e s h  o v e r  t h e  w h o l e  b o u n d a r y  S  g i v e s   
b e t t e r  o v e r a l l  a c c u r a c y  t h a n  a  l o c a l  r e f i n e m e n t  o v e r  S ,   ′
w h e n  t h e  s a m e  n u m b e r  o f  i n t e r v a l s  i s  u s e d .   F o r  t h e  r e g i o n s  
c o n s i d e r e d  h e r e ,  w e  t a k e  hhr =  f o r  a l l  r  W e  d o  h o w e v e r  
r e c o g n i s e  t h e  n e e d  f o r  f u r t h e r  i n v e s t i g a t i o n  o n  t h e   
p o s s i b i l i t y  o f  i n c r e a s i n g  t h e  a c c u r a c y  o f  t h e  m a p p i n g  b y   
o t h e r  d i s t r i b u t i o n s  o f  t h e  i n t e r v a l s  o n  S .  
10. 
 
3.  Numerical Results 
I n  t h i s  S e c t i o n  t h e  C T M  i s  a p p l i e d  t o  p r o b l e m s  o f   
type  (1)  def ined  in  var ious  L-shaped  reg ions  and  a l so  to   
a problem defined  in an octagonal  region containing two  
r e -en t ran t  co rners .  However ,  in  o rder  tha t  the  accuracy   
of the CTM may be investigated when the  transformation (5)  
i s  p e r f o r me d  n u me r i c a l l y ,  t h e  me t h o d  i s  f i r s t  a p p l i e d  t o  a   
problem defined in  a  rectangular  domain.  
I n  a l l  t h e  p r o b l e m s  c o n s i d e r e d ,    t h e  n u m e r i c a l  c o n f o r m a l  
  mapping is  performed by dividing the boundary S of  G into  
N  s t ra igh t  l ine  in te rva l s  o f  equa l  l eng th . When G i s   
symmet r ic  abou t  an  ax i s  then ,  by  assuming  the  func t ion  
( )ωσ′  t o  h a v e  t h e  s a m e  s y m m e t r y  a n d  d i s t r i b u t i n g  t h e  i n t e r v a l s   
a p p r o p r i a t e l y  a b o u t  t h e  a x i s ,  t h e  n u mb e r  o f  e q u a t i o n s  ( 1 6 )   
to be solved is reduced from N to N/2. 
11. 
Problem 1, Consider the harmonic mixed boundary 
v a l u e  p r o b l e m  i l l u s t r a t e d  i n  F i g u r e  1  f o r  w h i c h  G  i s  t h e   




=<=<  T h e  p r o b l e m  i s   
of  type (1)  with  w1 ≡  A ≡  (1 ,0 .5) ,   W2 ≡  B  ≡   ( -1 ,0 .5) ,   




w -plane.  
Figure 1.  
 
T h e  " a n a l y t i c "  C T M  s o l u t i o n  o f  t h i s  p r o b l e m h a s   
b e e n  o b t a i n e d  i n  [ 5 ]  b y  t a k i n g  t h e  o r i g i n  o f  c o o r d i n a t e s   
i n  t h e  w - p l a n e  t o  b e  t h e  p o i n t  D  a n d  u s i n g  t h e  e x a c t   
mapping  func t ion  
 
   ( ) ( ) ( ),21/KK,21Kw,snwT ==  
 
i n  t h e  t r a n s f o r m a t i o n  ( 5 ) .  I n  t h e  p r e s e n t  p a p e r  t h e  C T M .   




t r a n s f o r ma t i o n  ( 5 )  i s  n o w  p e r f o r me d  n u me r i c a l l y   
u s ing  t he   t e chn ique  o f  Sec t i on  2  w i th  N=120 . The   
s y mme t r y  o f  G  a b o u t  t h e  y - a x i s  i s  u s e d  i n  t h e  n u me r i c a l   
con fo rma l  ma pp ing  and  t hus  t he  number  o f  e q u a t i o n s  ( 1 6 )   
a c t u a l l y  s o l v e d  i s  6 0 . T h e  " n u me r i c a l "  C T M  r e s u l t s  a r e   
g iven ,  on  a  squa re  ma sh  o f  l eng th  0 .2 ,  i n  Tab l e  1  and  a r e   






P r o b l e m  2 T h e  h a r m o n i c  m i x e d  b o u n d a r y  v a l u e   
p r o b l e m  i l l u s t r a t e d  i n  F i g u r e  2  i s  o f  t y p e  ( 1  )  w i t h   





w – plane 
  
Figure 2.  
 
C T M  s o l u t i o n s  t o  t h i s  p r o b l e m a r e  o b t a i n e d  f o r  t h e  f o l l o w i n g  
15.  
g e o m e t r i e s  o f  t h e  L - s h a p e d  d o m a i n  G .  
(i)   AB = BC = CD = DE = 0.5, EF = FA = 1. 
(ii)   AB = 0.6, BC = CD = 0.4, DE = 0.6, EF = FA = 1 .  
(ii i)  AB = BC = 0.4,  CD = DE = 0.6, EF = FA = 1. 
(iv)  AB = 0.8, BC = CD = 0.2, DE = 0.3, EF = 1, FA = 0.5. 
          In  ( i )  and ( i i )  the  numerical  conformal  mapping is   
performed with N = 100. Since,  for both these geometries,   
G is symmetric about the line CF the actual number of  
equa t ions  (16)  so lved  i s  50 .  In  ( i i i )  and  ( iv )  the  numer ica l   
conformal mapping is performed with N = 100 and N = 75  
r espec t ive ly .  The  CTM so lu t ions  fo r  the  oases  ( i ) ,  ( i i ) ,  ( i i i )   
and  ( iv)  a re  g iven ,  on  a  square  mesh  of  length  0 .1 ,  in   
Tables  2 ,  3 ,  4  and  5  respec t ive ly .  In  Tables  2  and  5  the   
solut ions,  for  the cases  ( i )  and ( iv) ,  obtained by Symm [4]  








Problem 3 .   Consider the harmonic mixed boundary  
va lue  p rob lem i l lus t ra ted  in  F igure  3 .  The  domain  G,  an   
octagon with dimensions AB = BC = EF= FG = 0.8,  
GH = HA = CD = DE = 0.2,  contains  two re-entrant  corners   
a t  D and H.   The problem is  of  type (1)  with w1 ≡  A,   











The  numer i ca l  con fo rma l  ma pp ing  i s  pe r fo rme d  w i th   
N  =  1 0 0  a n d ,  b y  u s i n g  t h e  s y m m e t r y  o f  G  a b o u t  t h e  l i n e   
B F ,  t h e  n u m b e r  o f  e q u a t i o n s  ( 1 6 )  a c t u a l l y  s o l v e d  i s  5 0 .   
T h e  C T M  r e s u l t s  a r e  g i v e n ,  o n  a  s q u a r e  m e s h  o f  l e n g t h  0 . 1 ,   







 4.      Discussion
The  r e su l t s  i n  [5 ]  and  [6 ]  sugges t  s t rong ly  t ha t  t he   
"analyt ic"  CTM solut ion of  Problem 1 represents  the  t rue   
so lu t ion  o f  the  p rob lem to  the  number  o f  f igures  quo ted .   
Thus ,  the  good agreement  between the  two se ts  of  resul ts   
d isplayed in  Table  1  indicates  that  the "numerical"  CTM  
solution of Problem 1 is  extremely accurate.  
We recognise that, since the numerical mapping of an  
i r r egu la r  doma in  i s  l e s s  accu ra t e  t han  t ha t  o f  a  r ec t ang le ,   
the  compar ison of  the  resul ts  in  Table  1  can only  give  some  
indication of the accuracy of the  "numerical" CTM for  
Problems 2 and 3. However,  the CTM results  in Tables 2,5  
and 6 are in good agreement with those obtained by Symm [4],  
where an integral  equat ion method modif ied to  deal  with   
t h e  s i n g u l a r i t i e s  a t  t h e  r e - e n t r a n t  c o r n e r s  i s  u s e d .  
In the present paper the "numerical" CTM has been  
applied to problems defined in polygonal domains.  However,  
i t  i s  c lear  that  the   method,  wi th  some s imple  modif ica t ions   
in  the numerical  mapping technique,  may be used for  the  
so lut ion of  problems of  type  (1)  def ined in  genera l  two  
d imensional  s imply-connected domains .  
In [5] and [6] the CTM, with the exact mapping function  
used  in  (5 )  has  been  shown to  be  ex t remely  e f f i c ien t  fo r   
problems defined in rectangular domains. On the strength  
of  the  present  resul ts  we feel  that  the  method deserves   
s t rong considera t ion as  a  pract ica l  technique for  solving  
problems of  type  (1 ) even when, due to the geometry of 
24.  
t h e  d o m a i n ,  t h e  t r a n s f o r m a t i o n  ( 5 )  h a s  t o  b e  p e r f o r m e d   




T h e  a u t h o r s  w i s h  t o  t h a n k  D r .  G .  T .  S y m m  f o r  m a n y  h e l p f u l   
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